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Asymptotic calculation of
three-dimensional thin-film effects
on unsteady Hele—Shaw fingering
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An asymptotic calculation for the linear stability of a Hele-Shaw finger is presented
in the limit ¢ < Ca < 1 (e being the gap to cell width ratio and Ca the capillary
number) when three-dimensional thin-film effects are incorporated in the boundary
conditions. Through formal asymptotic calculations, it is shown that as with the
simpler idealized boundary conditions of McLean & Saffman (1981), there is only
one branch of steady finger that is stable, while others are unstable. The spectrum
of the linear stability operator is resolved through extraction of transcendentally
small terms in e.

_ Further, some aspects of the nonlinear initial value problem are investigated in
/ﬂ;; the asymptotic limit 0 < € < 1. When ¢ is set to zero in the equations, i.e. lateral
_ curvature neglected, analytical evidence is presented to show that the initial value
< S problem is ill-posed and is characterized by a finite time singularity on the finger
S - boundary. Lateral curvature effects are expected to regularize the problem; nonethe-
2 H less, calculations for special cases suggest that for 0 < € < 1, extreme sensitivity of
- 5 the dynamics occur due to the continual approach of complex singularities towards
an the physical domain, which is inherited from the ¢ = 0 problem. These findings are

©) . D : :
~ consistent with highly unstable fingering observed experimentally for very small e.
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1066 S. Tanveer
1. Introduction

The displacement of a more viscous fluid by a less viscous fluid in a Hele-Shaw cell
has been the subject of intense interest in recent years due to mathematical analogies
with dendritic crystal growth in the small Peclet number limit, deep cell shapes in
directional solidification, electro-chemical deposition, etc. (see Pelce 1988; Kessler
et al. 1988), though the original interest (Saffman & Taylor 1958) was sparked by
analogies with displacement in a porous medium. While a controlled experiment in
a Hele—Shaw cell is relatively easy to perform, this is not the case in some of the
other mathematically related problems. In order to exploit the Hele-Shaw analogy
to the fullest, especially for the time-dependent problem, it is important to have an
adequate Hele-Shaw theory, where both qualititative and quantitative predictions
can be checked against experiment.

The Hele-Shaw literature is extensive. Reviews by Saffman (1986), Bensimon et al.
(1986) and Homsy (1986) summarize the state of affairs as of the mid-1980s. However,
there has been considerable work since then, which has been reviewed from a number
of different perspectives by Pelce (1988), Kessler et al. (1988), Howison (1992) and
Tanveer (1991).

Almost all the the theory to date uses a relatively simple form of boundary con-
dition, originally suggested by McLean & Saffman (1981) (henceforth referred to as
the Ms conditions), where the three-dimensional effects of a thin viscous film adja-
cent to the gap walls, as observed in the experiment, are ignored. While the theory
developed with the Ms boundary conditions still serves as a useful mathematical anal-
ogy to two-dimensional crystal growth and directional solidification, its relevance to
Hele-Shaw experiments is not always clear. It is known that certain predicted theo-
retical features of the theory with Ms boundary conditions are not in agreement with
experiment (Tabeling et al. 1987).

For the steady finger, the boundary conditions were first discussed in a general way
by Saffman (1982); later Park & Homsy (1985) developed effective two-dimensional
boundary conditions that incorporate three-dimensional thin-film effects for small
capillary number Ca, defined as U /T, p being the viscosity of the more viscous fluid
(the viscosity of the less viscous being neglected), U is the steady finger velocity and
T is the surface tension. Reinelt (1987a) extended the Park-Homsy calculations to
arbitrary Ca by numerically determining some auxiliary functions that characterize
the thin-film effects.

Using these Saffman-Park-Homsy-Reinelt (SPHR) conditions, Reinelt (1987b) cal-
culated steady fingers that are in good agreement with experiment over a range in the
e—Ca parameter space. Schwartz & DeGregoria (1987) and Sarkar & Jasnow (1987)
also used boundary conditions that incorporate three-dimensional effects in a partial
manner to show agreement between their numerical calculations and experiments,
though this agreement occurs over a narrower range in the parameter space than
Reinelt’s. Tanveer (1990) studied the asymptotic limit € < 1, Ca < 1 with €2 < Ca.
Numerically, this is a difficult limit to compute accurately since transcendentally
small terms in € have to be resolved. Various, though not exhaustive, relative order-
ings of € and Ca were considered by Tanveer (1990). It was shown that only when
Ca < G7/% <« 1, the asymptotic scaling relation A =  + const. G2/* found for the ms
boundary conditions (Combescot et al. 1986; Hong & Langer 1986; Shraiman 1986;
Tanveer 1987a; Dorsey & Martin 1987; Combescot et al. 1987) holds, where A is the

Phil. Trans. R. Soc. Lond. A (1996)
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Thin-film effects on fingering 1067
relative finger width and G is a reduced control parameter defined as
w2e?
= 1.1
g 12 Ca (1.1)

However, this is outside the range of all experimental data to date. In the asymptotic
limit e € Ca < 1, consistent with a few experimental data points, it was shown that
a steady finger with A\ < % was possible, where
2

MA=N € (1.2)

(1-2X) Ca®/?
For the first branch of solutions, the one with the smallest X\, & = 2.832f. The
theoretical prediction of finger width using (1.2) appears to be in agreement with
relevant experimental data; however, precise comparison has not been possible so far
since Ca and € are not sufficiently small in the existing experiments.

For the time-dependent problem, appropriate effective two-dimensional boundary
conditions incorporating three-dimensional thin-film effects have also been developed
by D. A. Reinelt, P. G. Saffman & S. Tanveer (unpublished work, 1993). Since the
time scales associated with the narrow three-dimensional region are much smaller
than a typical time scale of lateral interface motion, the pressure drop and viscous
fluid leakage into the thin-film region remain functions of instantaneous curvature
and normal speed in the lateral plane as for the steady state (Reinelt 1987a,b),
at least to the leading order. In this paper, these boundary conditions are used to
investigate the linear stability of the previously calculated steady states (Tanveer
1990), as well as to investigate the nonlinear initial value problem in the small e
limit,.

The interest in the stability results in the small € limit is more than theoretical.
Based on the simplified Ms boundary conditions, theoretical explanations of exper-
imentally observed instability (Tabeling et al. 1987; Maxworthy 1987; Arneodo et
al. 1989), for G < 1 has been forwarded by Bensimon (1986) that rely on the ob-
servation that all but one branch of steady states is linearly unstable (Kessler &
Levine 1986; Bensimon 1986; Tanveer 1987b), while in the limit G — 0 (or € — 0),
all branches of solution tend to the same Saffman—Taylor finger, whose width is one
half that of the channel. As a result, the threshold for the onset of nonlinear stability
must decrease with G. However, when realistic three-dimensional thin film effects are
included as discussed before, there is a regime in the parameter space where (1.2)
holds and the X on different branches (for which constant k is different) is signifi-

cantly different when € is the same order as Ca®?2. Thus, the nonlinear instability
mechanism proposed by Bensimon (1986) is absent in such cases when thin-film ef-
fects are included. Therefore, a proper explanation of the experimentally observed
instability is desirable. In particular, there is no clear a prior: reason to believe that
when realistic three-dimensional thin-film effects are included, one branch of steady
solutions remains stable for arbitrarily small G. Based on a formal asymptotic cal-
culation involving exponential asymptotics, we find in this paper that, as with the
Ms boundary conditions, one branch of steady solution is stable while others are
unstable. Thus, we conclude that the instability mechanism is indeed nonlinear; this
is consistent with our limited study of the initial value problem.

t In the earlier work (Tanveer 1990), a slightly inaccurate value of 2.776 was reported.

Phil. Trans. R. Soc. Lond. A (1996)
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1068 S. Tanveer

The interest in the initial value problem transcends questions on instability of a
steadily translating finger mentioned in the last paragraph. It is clear from exper-
iment (Tabeling et al. 1987; Maxworthy 1987; Arneodo et al. 1989) that for suffi-
ciently small €, highly ramified fractal-like structures can occur that hardly resemble
a Saffman-Taylor finger. For the relatively simple Ms boundary conditions, recent
studies address the asymptotic limit 0 < G < 1 for special classes of analytic initial
condition in a self-consistent manner (Tanveer 1993; Siegel et al. 1996). In the context
of a time-dependent conformal map 2((, t) from a standard domain (interior of a unit
circle or semicircle) to the physical flow domain, it was shown that for G = 0, initial
singularities, regardless of their nature, move towards |(| = 1. Some types of these
singularities impinge |¢| = 1 in finite time leading to interfacial cusps and corners,
while others continually approach it exponentially in time. For G very small but non-
zero, singularities are seen to be transformed; nonetheless, their leading-order motion
in many cases is found to be the same as for a singularity of the G = 0 problem until
the singularity comes very close to the physical domain. As much as an initial inter-
face is describable by the class of analytic initial conditions, it was pointed out that
the motion of singularities towards |(| = 1 is the fundamental reason for the chaotic
dependence of the evolution on the initial interface shape. For instance, if we take
two initial conditions 2*(¢,0) and 22(¢,0) so that 2(¢,0) — 22(¢,0) = 6, /(¢2+ 65 1);
then by choosing 6; or 6, small enough, the initial interface shapes can be made
experimentally indistinguishable since only the behaviour of the conformal map on
|| = 1 is relevant to determining boundary shapes. Nonetheless, the initial singular-
ity distribution in || > 1 is different and, at later times when singularities approach
IC| = 1, the indentations on the interface will be quite different in the two cases.
Realizing that a generic initial condition can have singularities at arbitrarily large
distances from || = 1, their continual approach towards |¢| = 1 helps explains the
observed behaviour in numerical simulation for sufficiently small G (or small €) (see,
for example, DeGregoria & Schwartz 1986), where instead of a steady finger, a contin-
ual sequence of apparently random tip splitting events leaves behind a complicated
pattern. The validity of this explanation for the actual experimental observations
can be questioned since the Ms boundary conditions are known to be unrealistic sim-
plifications (Tabeling et al. 1987). That is addressed in the second part of the paper
by considering the nonlinear initial value problem in the relevant asymptotic limit
€ < 1, where Ca need not be small. In particular, when we formally set € = 0 in our
evolution equations, we find that the initial value problem is ill posed, in accordance
with similar results for the mMs boundary conditions (Howison 1986a,b). However,
unlike the case with Ms boundary conditions, not all singularities preserve their form
in time. When € # 0, but is much less than unity, calculations for special form of
singularities in || > 1 show that transformed singularities also subsequently move
towards || = 1, similar to that for the Ms boundary conditions. The results clearly
show that even with realistic thin-film effects, the dynamics of complex singularities
can explain the continuous time-evolving features of a finger in much the same way
as for the Ms boundary conditions (Tanveer 1993), though the quantitative details
are different and generally far more complicated.

The paper is arranged as follows. Section 2 contains the mathematical formulation
used in the linear stability analysis. Section 3 contains the details of the analytical
linear stability calculations. Section 4 is a study of some analytical features of the
initial value problem; the formulation used in that section is close to the earlier study

Phil. Trans. R. Soc. Lond. A (1996)
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Thin-film effects on fingering 1069

(Tanveer 1993) with the Ms boundary conditions. Section 5 concludes the paper with
a summary of the findings.

2. Mathamatical formulation

We consider a finger moving through a Hele-Shaw cell, as shown in figures 1 and
2, in the lateral and transverse planes, respectively. The cell has a gap width of b in
the Z-direction, a cell width of 2a in the y-direction and is infinite in the x-direction.
The aspect ratio € = b/(2a) is assumed to be a small parameter. In the region away
from the interface edge, the length scale for the lateral coordinates x and y is taken
to be a. The velocities are scaled by U, the velocity of the steady finger and the
pressure is scaled by 4uUa/b?.

As the finger moves through the Hele-Shaw cell, a thin film is left behind next to
the walls in region III occupied by the advancing finger. Its thickness is determined
from the local solutions near the interface edge (in region II of figures 1 and 2).
As discussed in Reinelt (1987a,b) within the context of a steady state, it is not
necessary to solve a differential equation for the evolution of the laid-down thin
film. The leveling of this film occurs over a very long scale and can be neglected.
As shown by D. A. Reinelt, P. G. Saffman & S. Tanveer (unpublished work, 1993),
since the time scale associated with the narrow gap direction is small compared to
that of a typical disturbance in the lateral plane, it can be assumed that, to the
leading order, the leakage of fluid into the thin-film region and the pressure drop
across the relatively narrow region (region II) where three-dimensional effects are
important is determined by the instantaneous normal velocity U, of the interface (in
the laboratory frame) and the curvature C in the lateral plane in the same way as
for the steady state (Reinelt 1987a,b). In the asymptotic limit of € — 0, the three-
dimensional flow region (region II in the figures 1 and 2) shrinks in size relative to an
interfacial length scale in the lateral plane. It is then possible to account for three-
dimensional thin-film effects through effective boundary conditions on an idealized
two-dimensional interface bounding a two-dimensional flow in region I. The pressure
jump across region II (see figure 1) becomes a condition on the pressure in region I
at the idealized two-dimensional interface in the lateral plane in the form

€

_ € 0 ~ 1
_ _ U. 1
p= Cam = Ca[n (CaUn) +eCk (Ca n)]a (2 )

where k° and k!, as functions of their argument, have been determined before
(Reinelt 1987a,b) and U, is the normal velocity of the interface in the laboratory
frame of reference.

The movement of the more viscous fluid from region I to region III (see figures 1
and 2) is accounted for by the following kinematic condition at the two-dimensional
idealized interface:

up = Uy[l — m)], (2.2)
where u, is the normal component of fluid velocity at the interface in the lab. frame,
and

m = [m°(CalU,) + eCm*(CaUy,)], (2.3)
where the functions m® and m! have also been determined by Reinelt (1987a,b).
Note that if the thin-film thickness m were zero, as assumed in the mMs boundary

condition, (2.2) is simply a statement that the normal velocity of a particle on the
interface is the same as the normal fluid velocity.

Phil. Trans. R. Soc. Lond. A (1996)
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1070 S. Tanveer

Figure 1. Hele-Shaw flow in the lateral (z—y) plane. The dotted lines denote the boundary of
region II, where three-dimensional effects are important. The curved solid line indicates the
projection of the steady interface into the z—y plane.

V4

el

U — C)
" A
Il | I !

I I

Figure 2. View from the transverse (r—2) plane, where r is the normal distance from the
curved solid line of figure 1.

-1 0 +1
B C A

Figure 3. Unit semicircle in the {-plane.

Let us denote the argument of the functions k%, k', m® and m! in (2.1) and (2.3)
by Ca,. In the asymptotic limit of Ca, — 0, following Bretherton’s work (1961) in
a mathematically similar problem of the motion of a bubble in a long narrow tube,
Reinelt (1987a,b), following earlier work of Park & Homsy (1985), has determined

#%(Cay) = const. —3.878 Ca?/? +O(Ca,), (2.4)
K!'(Can) = —1m +4.153 Ca?* +0(Cay), (2.5)
m®(Cay) = 1.3375 Ca?/? +0(Cay), (2.6)
m'(Ca,) = —1.337511 Ca2/® +0(Cay). (2.7)

The constant in (2.4) is dynamically unimportant and will be dropped since this is
equivalent to absorbing an additive constant in the pressure p in (2.1), which does
not effect the fluid or interface velocities.

For the linear stability analysis, it is convenient to move to the frame of the
steady finger, which translates to the right with velocity U with respect to the
laboratory frame. Consider the conformal map z((,t) that maps the interior of the
unit semicircle in the ¢ plane, as shown in figure 3, to the physical flow domain in
the z = x + iy plane shown in figure 4 such that ¢ = 0 corresponds to z = +o0o and
¢ = =£1 corresponds to points z = —oo £ 1. We decompose the conformal mapping

Phil. Trans. R. Soc. Lond. A (1996)
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Thin-film effects on fingering 1071
i
=a
1 y C
A E v
. —
less viscous fluid ~ f------------------ > x
B more viscous fluid
C
y=-a

Figure 4. Rectilinear Hele-Shaw flow viewed in the lateral z = x + iy plane.

function into

= =20 2= N In(E — 1) (1 - 2X) + A1), (28)

™

It is well known that for the fluid motion in region I, the pressure field is approxi-
mately two dimensional and the narrow gap averaged velocity (4,7) = —%Vp. From
incompressibility of fluid flow, p must be harmonic. It follows that there exists a
harmonic velocity potential ¢(x,y) = —%;5 such that the average velocity in the z—y
plane is given by (4, 7) = V¢. Corresponding to this velocity potential, there exists a
complex velocity potential W with ¢ = Re W. We consider W as an analytic function
of ¢ at each time and decompose it into

W= 20 - A ta)ng— 20— NI~ 1) + 2g(c.0) 29)

In order that the finger width does not vary with time, A is independent of time.
However, « in (2.9), which is proportional to the total fluid leakage into region III, is
allowed to depend on time ¢. In terms of the conformal mapping function, it is easy
to check that the normal component of the fluid velocity at the interface is given by

1
Uy =Ny — — Re[(W¢], (2.10)
|2¢|
where n, is the z component of a unit normal at the interface and is determined

from
1
ny = —— Re[Czc]. (2.11)
||

Also, in the laboratory frame of reference, the normal velocity of a particle on the
interface in the lateral plane (figure 4) is given by
1
Un =ng — — Re[(" 2l 2. (2.12)
|| <

The kinematic boundary condition (2.2) can then be written as

2 2a
- Re[Cgc] = —mRe[Cz¢] — — Re[("z{z](1 —m) (2.13)
on [¢| = 1, while the lateral plane curvature C is given by
C=—" Re {1+-Ci<ﬁ]. (2.14)
|| z

In (2.9), « is determined by

20 = —/ dvmy, +/ (1 —m)Re[("2 2] dv. (2.15)
0 0

Phil. Trans. R. Soc. Lond. A (1996)
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1072 S. Tanveer

From (2.15), it follows that if we require Img — 0 as v — 0 on the semicircular arc
¢ =€, then Img — 0 as v — 7. The dynamic pressure boundary condition (2.1)
can be written as

2 €

7rRe[f—l—g]— 0" (2.16)
on |¢| = 1. Since Im z = +1 on the walls which are also streamlines, it follows that
on the real diameter of the unit ¢ semicircle,

Im f = 0, (2.17)

Img=0. (2.18)
Equations (2.13) and (2.16)—(2.18) determine the evolution of f and g, once they
are appropriately specified initially. It is to be noted that z, W and its derivatives
that appear in these equations are determined from f and g through (2.8) and (2.9).
For a steady state, z; = 0; consequently, the right-hand side of the kinematic
equation (2.13) is simplified, as is the expression for U, in (2.12). From this point
onwards, the superscript ‘s’ will correspond to a steady state. It is clear that the
steady state function z° and W* satisfy the following conditions:

()= _2 2q_ 21y i1 — 2
2(¢) = 7rlnC—i—ﬂ(l A)In(¢® —-1) —i(1 2/\)+7Tf ), (2.19)
WQ) = Z(1-A+al) g~ 21 )@~ 1)+ 240, (220)
where on [¢| =1,
2
“Relf" + g7 = — 5, (2.21)
Re[Cge] = —a® — Re[((f¢ + h)Jm?®. (2.22)
The functions % and m® are given by
k° = K%(Cans) + ex' (Cant)Cs, (2.23)
m® = m°®(Cant) +em*(Cant)C", (2.24)
where
. Relc(fz+h)
o m fCSC + h(
cs = 72|h+f§|Re 14¢ Fah | (2.26)
1 +q2<-2
h(() = ———< .
(©) L (2.27)
¢ =1-2\ (2.28)

In a standard manner, appropriate for the linear stability analysis, we decompose
each of the functions z(¢,¢) and W((,t) as follows:

2
z=2"+=f", (2.29)
m
2 2 u
W=W+Zg"+ "% In¢. (2.30)
m m

Phil. Trans. R. Soc. Lond. A (1996)
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Thin-film effects on fingering 1073
In addition o = o® + @". The superscript ‘u’ denotes the unsteady components. The
linearized equations for f" and g" are then given by
2
€

3 Caml(Ca ns)(6C), (2.31)

2
- Re[f" + ¢"] = —1ex'(Canl)(6n,) —

2 Relcol) = — Cam'(Can3) (6n.) Rel(22] — 2m(Cans) RelC ]

—em' (Cans) Re[(2¢](6C) — %m + %Re[(*zé* 1 —m(Cand)] (2.32)

on ¢ = e, where
K (Cand) =k (Cand) + eC°kY (Cand), (2.33)
m/(Cans) = m® (Cand) +eC*m! (Cand), (2.34)

where primes indicate derivatives with respect to the argument. Further, in (2.31)
and (2.32),

2 Re[(f¢ 3
ong = ———(Lifd + ~2—S Re[Cz¢] Re &; , (2.35)
T |2 |2¢] 2
6C=——2 Re|cd -’3— +—2_Re |1+¢2¢| Re fi : (2.36)
| 2g| d¢ | 2¢ | 2g| 2 2

Equations (2.31) and (2.32), together with the condition Im f* = 0 and Img" = 0
on the real diameter (i.e. ( in [—1,1]), constitute the linear stability equations for
f* and g". It may be noticed that no additional equation is necessary for a" as it is
determined by imposing the self-consistency requirement on (2.32) that

" 0 u/ vy
/Odz/glmg (e") =0.

A steady-state calculation to determine A and the function f* has been carried
out before (Tanveer 1990) for e < 1 and Ca < 1 for various (though not exhaustive)
relative orderings of the parameters ¢ and Ca. No constraint on A arose from a
regular perturbation expansion in powers of € and Ca. Evidence was also presented
(Tanveer 1990) to show that a perturbation expansion in powers of € for Ca = O(1)
fails to select A. Restrictions were found on A by extracting exponentially small terms
in € and imposing on them appropriate conditions of symmetry. To determine the
coefficients of exponentially small terms, following the earlier ideas of Pokrovskii
& Khalatnikov (1961), Kruskal & Segur (1986) for ordinary differential equations
and a similar procedure for the simpler Ms boundary conditions (Combescot et al.
1986, 1987; Tanveer 1987), it is necessary to investigate the neighbourhood of points
in || > 1, where a regular perturbation expansion fails. The details of the inner
equation analysis depends on the relative ordering of Ca and e. Since our stability
analysis is limited to € < Ca < 1 for which (1.2) holds, only the inner equation
analysis presented in § 5 ¢ of Tanveer (1990) is relevant here.

3. Linear stability problem

In the asymptotic limit ¢ < Ca < 1, it is appropriate to consider a regular
perturbation expansion for each eigenmode. It will be seen that even without any
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constraints on the eigenvalues, such an expansion is valid everywhere on the finger
boundary except near the tails ( = +1, where a secondary inner expansion is nec-
essary. We will then proceed to examine constraints on eigenvalues arising due to
terms that are transcendentally small in |(| < 1. This is effectively done by analyt-
ical continuation of the equations to the unphysical domain |¢| > 1. Our analysis
so far is limited to eigenvalues o for which |o| < G~'/2. This assumption does not
appear to be serious as far as our conclusion that one branch of solution is stable
since numerical results (D. A. Reinelt, P. G. Saffman & S. Tanveer (unpublished
work, 1993)) for non-zero G suggest that G'/?¢ tends to zero as G becomes smaller
for any possibly unstable eigenvalue, at least up to the smallest G for which reliable
computation was possible.

(a) Regular perturbation expansion

First, we consider the regular perturbation expansion for the linearized stability
equations (2.31) and (2.32) for e < 1 and Ca < 1 in the form

fr=0+ A+ (3.1)
g =go g+ (3.2)
Clearly, from (2.31) and (2.32), on ¢ = e, we get
Relfy + g0] =0, (3.3)
Re[Cgp,] = Re [¢*z6: 1] (3.4)

where the subscript zero on the steady stage function 2° corresponds to € = 0. In
order to be consistent with (2.17) and (2.18), it is necessary for Im f& = 0, Im g& = 0
on the real diameter of the unit { semicircle.

The precise form of the next order correction f}* depends on more information on
the relative ordering of € and Ca than we are provided with. In order to cover all
cases of this ordering, we found it best to impose the following boundary conditions
on fi' and gj:

e

6 Ca

Re[f} + g§] = —bemn’(Can?) (Snyo) -

2 2
o2 (5282) )

= — CaRe[¢h)m® (Canl)(8ngo) — m®(Canl) Re[( fo, ]

k' (Canl)(6Cy) (3.5)

W 2p (O,
—Qy — } Re {mfot mO(Ca ng), (36)
where
K (Canl) = k% (Canl) + ex (Can?)CP, (3.7)
nd = — = Re[¢h], (3.8)
I

o _ ™ cH

¢ =3 RelilJr h}, (3.9)
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e = —l - Reles ] + RTK"” Re [ %], (3.10)
o ™ f0< hC f(;lg

In order to be consistent with (2.17) and (2.18), it is necessary for Im f' = 0,
Im g} = 0 on the real diameter.
Now, we determine f§' and g§. From (3.3) and (3.4),

2
[CfoC <C +22 ) fét] =0. (3.12)

As shown by Tanveer (1987b) (in the context of zero surface tension eigenmodes
of the Ms boundary conditions), for symmetric modes, (3.12) is equivalent to the
differential equation

2
@-vig -2 (D) g --2emon (3¢). e

Note that the parameter p? = —q? was used in Tanveer (1987b). For the antisym-
metric modes, it has been shown (Tanveer 1987b) that (3.12) is equivalent to the
differential equation

@ -vig -2 (D) = Lasdman (3.14)

With an assumed e°! time dependence, the symmetric eigenmodes for Reo > 0,
¢*> > 0 are given by

o _ponse e [ ae (HE+CT)
fo ==1%0,t)5¢*H 1(()/0 d¢ (W ; (3.15)
while the antisymmetric eigenmodes for Reo > 0, ¢2 > 0 are given by
¢ H(
i =—faet+ @ © [ oo ($4), (3.16)
where
H(¢) = ¢ (1= ¢?) 7, (317)
with
5= %a. (3.18)

The expressions (3.15) and (3.16) are also valid if Reo = 0, provided Imo # 0.
When o = 0, the corresponding eigenmode is a translation mode, with f3 = const.,

= —f&l-

We notice that the eigenmodes (3.15) and (3.16) are well behaved at ¢ = 0,
the apparent branch point singularity inside and outside the integrals cancel out.
However, there are branch point singularities at ¢ = £1 unless 5%(1—|—q2) is a positive
integer. For Reo < 0, the branch points are unacceptable if we restrict ourselves to
the class of disturbances that vanish at the finger tails. Thus, the spectrum is the
entire right half-plane Reo > 0. The discrete set of eigenvalues corresponding to
positive integral values of 53(1+ ¢*) was found by Saffman & Taylor (1959) through
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a power series truncation for each mode. When ¢? < 0, similar expressions for the
eigenvectors can be constructed whenever Reo > 0, as shown in Tanveer (1987b)
(Note ¢> = —p? in the notation of that paper), though this case will not be of
interest here since we are interested in the stability of fingers for which (1.2) holds,
where A < 1 and hence ¢* > 0.

Now, let us consider higher-order corrections fi' and g¢}' to the eigenmodes. It is
convenient to define analytic functions in || < 1 through the expressions

1 27 iv’ 1 iv’
Hi(¢) = %/ dv’ [Ziy/ +2: + 7 +:iy,g Ri(V'), (3.19)
) - —
. 27T P .
v _I__ 1 + 1V .
Hy(¢) = % / dv/ [Z _g + 1 Eg Ry(v)2sin v/, (3.20)
0

where e“*R;(v) and e’*Ry(v) are the right-hand sides of (3.5) and (3.6), respec-
tively, evaluated on ( = e. Then using the same procedure as in the derivation
of the differential equations (3.13) and (3.14), we find that for both symmetric and
antisymmetric disturbances, without any loss of generality,

H2(C/)]
ik
It is to be noted, however, that since f' is different for symmetric and antisymmetric
disturbances, e”* R, and e’!R,, the right-hand sides of (3.5) and (3.6), are different.
Thus, the expressions for H; and H, appearing in (3.21) will be different for symmet-
ric and antisymmetric disturbances. It is not difficult to see that each of fi' and g¢}' is
analytic everywhere on the semicircular arc except at ¢ = +1. The assumed regular
perturbation expansion (3.1) fails in the vicinity of ( = +1, corresponding to the
finger tails. There is need for an inner expansion near the tails; however, from prior
experience with the steady state (Tanveer 1993), we do not expect that the inner—
outer matching procedure will lead to any constraints on the eigenvalues, though
we have not demonstrated this here. We will henceforth assume that there are no
constraints on the eigenvalues o arising from matching to a secondary asymptotic
expansion near the tails.

¢
fi = et Q) /O a¢’ H(C) [ch(m (3.21)

(b) Analytic continuation to || > 1 and form of transcendental correction

Now we turn our attention to trancendentally small terms in € in |¢| < 1 in
order to determine constraints on o from the requirement that the eigenmodes when
superposed on the steady state result in a smooth and analytic finger boundary.
However, the coefficients of transcendentally small terms need not be calculated
explicitly. Since the regular perturbation terms in (3.1) describe smooth fingers for
any o, the role of the transcendentally small terms that are normally subdominant is
to cause the finger boundary to have singularities unless o is constrained to special
values. This is reflected in the non-uniqueness of analytic continuation across the arc
of the unit ¢ semicircle. By requiring that there is is an open neighbourhood of the
finger boundary (| = 1, Im ¢ > 0 where there is a unique analytic function f* with
asymptotic expansion (3.1), we rule out non-analytic finger boundaries and, in the
process, determine the eigenvalues o consistent with this requirement.

For the sake of algebraic simplicity, we find it more convenient to analytically con-
tinue the nonlinear evoluton equations (2.13) and (2.16) to || > 1 and then linearize
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the equations, rather than analytically continue the linear stability equations (2.31)
and (2.32) directly. Following the same procedure used in the analytical continuation
of the steady-state equations (Tanveer 1990), we find that these equations for |¢| > 1
are

€ 2e

3 C’aI[H] BEY

2+ =- (3:22)

%ng = —27a +7 [—M + Re[(*zZzt(l — m)]]

oM+ %(1 —m) E—zc (%t) fit Cachi (%t)] L (3.23)

where 7 is an integral operator defined below (see (3.26)) and M = Re[(z¢|m, with m
and k as in (2.3) and (2.1), respectively. In these formulae, the following analytically
continued expressions are used:

[Czc + (1/¢)2c(1/¢, )]

1
e =—5 Zé/222/2(1/§,t) (3.24)
po U e La(1/G)
T [ RV | (3.25)
The integral operator Z, appearing in (3.22) and (3.23), is defined by
1 d¢’ / 1 , /
7= g /c C_C [g’ti T - Eg] 9(¢)- (3.26)

Note that the operator Z acts on an analytic function g(¢) defined on the arc of the
unit semicircle (|¢| = 1, Im ¢ > 0) and produces a function analytic in || > 1, where
C denotes the contour coinciding with the arc of the upper half semicircle from ¢ = 1
at ( = —1.

Apart from a small neighbourhood around the critical point ¢ = i/q, the form of the
transcendental correction to the asymptotic series (3.1), though not the coefficients,
can be deduced in the asymptotic limit of small Ca and € with ¢ < Ca merely by
linearizing (3.22) and (3.23) and assuming f and g to be small, each with an e”*
time dependence. The set of homogeneous integro-differential equations associated
with this linearization is further simplified, by using the Bretherton approximation
(2.4)—(2.7) and neglecting the subdominant integral terms. As for the steady state
(Tanveer 1990), the leading-order transcendental corrections for small G to (3.1)
away from the critical point i/q are generally linear combinations of

exp(£GY2[P + o(1))), (3.27)
where
¢ 22\3/4( 2 2\1/4
_ oi3m/4 d(1+qC) (¢ +4°) ‘ _
P(()=e /i/q ¢ -1 (3.28)

The o(1) terms appearing above depend on the eigenvalue o that is assumed much
smaller in size than G~'/2. Thus, the eigenvalues do not affect the Stokes sectors
away from the critical point ( = i/q. The Stokes sectors are bounded by Stokes lines,
defined here as the lines where the two transcendental corrections of the form (3.27)
exchange dominance. In this case, it is determined by the condition Re P = 0, as
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6n/7 11

— »
1 1 Re(
Figure 5. Stokes sectors intersecting the physical domain |¢| < 1 determined from Re P = 0,
with P given by (3.28).

shown in figure 5. This is the same as for the steady problem (Tanveer 1990) or even
for the simpler MS boundary conditions (see Tanveer (1987a) for arguments leading
to figure 5).

It is clear that if (3.1) is to be valid for a unique analytic function f" in some
neighbourhood of |(| = 1, Im{ > 0, then any trancendentally large correction to
(3.1) of the form (3.27) has to be suppressed. Thus, in sector I that adjoins parts of
the unit semicircular arc where Re P < 0, transcendental correction to (3.1) of the
form

exp(—G~2[P + o(1))) (3.29)
has to be suppressed, while transcendental correction of the form
exp(GV*[P + o(1))) (3.30)

has to be suppressed in sectors II and III. Each of the Stokes sectors I, II and III
contains an anti-Stokes line emanating from ¢ = i/q, where the ratio of the two
exponentials in (3.27) is maximal or minimal in absolute value. Here, this is clearly
determined by the condition Im P = 0. Clearly, the imaginary (-axis between i
and i/q is the anti-Stokes line in sector I, whereas anti-Stokes lines in sectors II
and IIT approach ¢ = i/q symmetrically about the imaginary (-axis making a local
angle of :l:%n, as is clear from a local expansion of (3.28). Since the coefficients of
subdominant transcendental terms generally change across an anti-Stokes line (see
for instance Berry (1991) and references therein), it is clear that in order to suppress
transcendentally large terms in sectors I-III, it is enough to require that (3.1) hold
on the three anti-Stokes lines away from an immediate neighbourhood of ¢ =i/q.
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(¢) Analysis in the inner regions and determination of spectrum

As ¢ = i/q is approached, then, as discussed in connection to earlier steady-
state analysis (Tanveer 1990), the form of the transcendental correction (3.27) is
altered first in a neighbourhood of { = i/q where x3, as defined in (3.31), is O(1).
In this nelghbourhood the asymptotic relation (3.1) still remains valid except when
Ixs| = O(ﬁ4 ") < 1, where 3, is defined in (3.34). x3 is defined by the relation

1+iq¢ = 71873 T, (3.31)
where
4
r = 27%/2(1.3375)%* Cal/? (1—q2q—), (3.32)
~ 2
By = 1n23/7(3.878)(1.3375) /4 < (3.33)

Ca®?(1 + ¢2)(1 — ¢2)*’

3 _ 1o—1/4_5 —21/8 eq

By = 1271/475(1.3375) T TR (3.34)
It is to be realized that when the steady-state relation (1.2) holds, r; < 1, 3, = O(1)
and, from (3.34), B4 = O(Ca'/* 3?) < 1. Further, it can be seen from (1 2), (2.28),
(3. 32) SB .34) that when x5 = O(1), |1 +ig¢| < 1. For X3 = O(1) but much greater
than (,"", as discussed in the context of steady state (Tanveer 1990), the form of
the transcendental corrections for small 34 become (equations (5.54) and (5.55) of
Tanveer (1990))

F‘H1=exp[%5fﬁ4_2</0 dxs{xs/® — (;/3+36X§/2)1/2+o(1)}>], (3.35)

A~

Ey, = exp [éBfo(/O dxs{xs’® + (x §/3+36X§/2)1/2+o(1)})J. (3.36)

Clearly, for |xs| > 1, FH1 matches with exp{G~'/?[P + o(1)]}, while Fj, matches
with exp{—G~'/2[P + o(1)]} as ¢ — i/q. Notice that for y3 = O(1) the anti-Stokes
lines determined from requiring Fy, /Fpy,, or its reciprocal to be maximal, is now
determined by

X3
Im [/ dys (xa/® +36x§/2)1/2] =0. (3.37)
0

For large |xs|, the anti-Stokes lines of interest to us (in the sense that they lie inside
sectors I-1II in figure 5) are asymptotically given by arg X3 =0,+32 =T, as expected.
For |X3| < 1, these anti-Stokes lines approach arg x3 = 0, £¢ =T, as is clear from a local
expansion of (3.37). To avoid transcendentally large correctlons of the form (3.29) in
sector I, it is necessary that an asymptotic correction of the form Fj, is absent on
the positive xs-axis. Similarly, in order to avoid transcendentally large contributions
of the type (3.30) in sectors II and III, it is enough to suppress transcendentally
large terms of the type FH1 along anti-Stokes lines that asymptotically approach
arg ys = +8 »m as x3 — 0. However, to determine if this is possible, it is necessary to
go even closer to ¢ =i/q, where the asymptotic expansion (3.1), as well as the form
of the transcendental corrections (3.35), (3.36) for small 34, becomes invalid.
As for the steady state, we introduce local inner variables near ¢ =1i/gq:

1+4+1ig¢ = rx, (3.38)
Phil. Trans. R. Soc. Lond. A (1996)
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2¢> -

f= -1 B (3.39)
2¢2 .

Then to the leading order, (3.22) and (3.23) reduce to
- ~ ~ - ~ - —3/2
—F o= Bil— BT - a1 Bl - Fo)e- B0 (341)
Oy = (x—F) P (1= ay )P =B (x = F) "0 (1= u )2 (1= B )+ B Fy, (3.42)

where
2

~ _ _ €q
B = 7227%/4(1.3375) /8 , 3.43
’ ( ) Ca®*(1+¢?)(1 - ¢2)° (343)
4 q2 2
Qy = ;mrl’ (344)
~ 2
Be = ;(1 - ¢y (3.45)

Between the two equations (3.41) and (3.42), @ can be eliminated. Further, if we
‘decompose

F(x,t) = F(x) + ¢ F(x), (3.46)
where F' is the steady and F™" the unsteady part, then F satisfies the following steady-
state equation (equation (5.41) of Tanveer (1990), though with somewhat differing
notation):

hnd + (X _ F/>—1/3 _ 53(1 _ F//)(X _ F/)—11/6 _ %BI(X _ F/)—4/3(1 _ F//)
~ 3
—Bu{F"(x = F))~*/* + S(x = F) (1 = F")*} = 0, (347)
while the linearized stability equation for F" is given by
[/@6 _ %OM(X _ F/)—l/S + %04453()( _ F/)—11/6(1 _ F//)
+3hr0a(x = F) (1= FloF" - 3Bias(x — F') o By
HI 0= P = BB F) - B - 38— BT F)
_%B4F///(X _ F/)—s/z _ %54(1 _ F//)2(X _ F/)—7/2]F;<1
300 F) 4 30,0— F') o = )7 4 Bl — F) TR,
—Ba(x — F')~%22F" —0. (3.48)

XXX
Since, from definition of the parameters, G5 = O(C’a3/4 Bl), 54 = Q(C’alf4 Bf) Thus,
when (; = O(1), as is the case when (1.2) holds, then 33 < B4 < (1. Here, we
only consider the stability of the first few branches of steady solutions for which
1/61 = O(1). Since B4 and (3 are each small compared to unity, we assume that

FY ~ FO (3.49)
where FO satisfies
P ’ _4/3 ~ ’ _7/3 1 A ~ / _4/3 A
UFO"‘U"’%(X_FO) _%51(X_FO) (1_F0 )]Fx+%/61(X_FO) Fxx(:O’)
3.50
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where
& = Beo, (3.51)

and F° is the corresponding steady-state function satisfying the following (equa-
tion (5.71) of Tanveer (1990)) equation:

’ ’ _1 3 ~ ! 1
F 4 (= FY) P L (= FY)3(1 - POy = 0, (3.52)
For large |x|, we seek a unique solution F° to satisfy the asymptotic condition
O ~ Ce™0X (3.53)
for arg x in [—&m, £x], where C' is some normalization constant. The behaviour (3.53),

with appropriate choice of C', matches with (3.15) or (3.16) when |1 +ig(| — 0. We
notice that (3.50) also allows an asymptotic solution for large |x| of the form

Fy, =exp (—ix7/3[1 + 0(1)]) . (3.54)
76
This matches with FHl, given in (3.35), as |xs| — 0. To the extent that (3 49) is
valid, by requiring F° to satisfy (3.53) for large |x| when argx is in [—2, S7], we
suppress transcendentally large corrections of the form (3.54) for argx = :I:%w and
hence suppress the transcendentally large contribution F 1w, (x3), implying 1n turn
that transcendentally large contributions in G in the form (3.30) is absent in sectors
IT and III (figure 5). Transcendentally large corrections for small B4 of the form
Fy,(xs) on the postive real xs-axis, and therefore a contribution of type (3.29) in
sector I, is ruled out by approximation (3.49), since (3.50) allows no transcendental
correction to (3.53) that can be matched to Fy, as xs — 0. Terms matching such
exponentials are generally present in solutions to (3.48) but are suppressed when
(3.49) is valid.

Thus, if (3.49) is valid (a question to be taken up later), then the construction of
a unique solution to (3.52) that satisfies the asymptotic boundary condition (3.53)
for arg x in [—2, 8] guarantees that (3.1) is valid in sectors I-III as required. Given
that for large |x|, argx = £2m is an anti-Stokes linef, it follows that satisfaction
of asymptotic condition (3. 53) on these lines guarantees the absence of transcenden-
tal corrections of the form (3.54) for 0 < |argx| < &m. In passmg, we remark that
transcendental terms of the form (3.54) born at |arg x| = &7 remain subdominant
to (3.53) until the Stokes lines at |arg x| = 12

We now describe the numerical procedure used to determine conditions on o that
guarantee that a unique solution F° to (3.50) exists that satisfies (3.53) for large |x|
when arg xy = :|:37r First, in order to obtain acceptable errors in the numerical inte-
gration of (3.50), we calculated higher order corrections to the asymptotic behaviour
(3.53) for large x to obtain

FO~ Cexp[—6x + 6(—1+4 p1o)x /3 + Lpiox % + L6(5 — 716 + 2876%)x*/®
56 (=123:6 + 536)x¥% + L6 (—27 + 48616 — 268762 + 5376°)x ).
(3.55)

t This anti-Stokes line is concerned with the reduced equation (3.50) rather than (3.48) and is defined
by the maximal or minimal ratio of the size of the transcendental term Fp, in (3.54) to that of the
algebraic terms in (3.53) for large |x|.
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This is obtained through a routine dominant balance procedure applied to (3.50)
and using the asymptotic relation

FO x5 B P x4 5B = x5BT i Bix T (3.56)
for the steady state. Equation (3.55) is used to calculate £0 and F at y = Le*i37/7,
Each of these points is used as an initial point for integrating (3.50) along a straight
line towards x = 0, using the computed steady-state solution F° where the nor-
malization constant C' is chosen so that F°(0) = 1 on either paths. By choosing L to
be a suitably large positive number, this numerical procedure rules out a behaviour

hke (3.54) for large |x| for arg x = :|:37r We denote the solution on the two paths by
EO" and £F0° . Generally, for arbltrary &, our numerical calculations show that

R=F(0) - F2(0) #0. (3.57)

On examination of the analytic continuation of (3.5) and (3.6), it follows that the
coefficients of the linear equation for f" (which depends on the prior computed
steady-state function f%) can have no singularity in |(| > 1 closer to the arc of
the unit circle |(| = 1 than those for |1 + ig¢| = O(ry). In this neighbourhood, i.e.
when x = O(1), details of of the steady-state function FY discussed later reveal no
singularity for Re x > 0. Thus, any solution F satisfying the linear equation (3.50)
can have no Slngularlty in this part of the x plane. Also, when R # 0, the computed
functions F°° and F° cannot be analytic continuations of each other This can
only be consistent with a branch point singularity of the the eigenfunction f“((,t)
on [¢| =1, corresponding to a non-analytic finger boundary.

Thus, the requirement R = 0 is forced upon us when we require the eigenmodes
to preserve the analyticity of the finger boundary. Indeed, R = 0 is also sufficient
to guarantee analyticity of the finger boundary as we now argue. Note that (3.50)
is a second-order differential equation. Prior steady-state computations showed no
singularity of (x — F°)~%/® (and therefore of the coefficients of the linear differential
equation (3.50) for F°) for Re x > 0. Thus, the contlnulty of F and its first derivative
at x = 0, implied by R = 0, guarantees that £°° and £9 are analytic continuations
of each other across the positive Re x-axis and therefore in the entire right half y
plane. Since the singularities of the steady state functions (x — F°)~*/3, occurring
n (3.50), cannot be located anywhere where Rex > 0 and |x| > 1 (where (3.56)
applies), it means that the closest singularities to the upper-half ¢ semicircle must be
when |x| = O(1) with Re x < 0. It follows that by requiring R = 0 in the procedure
described in the last paragraph, we have a sufficient condition for the finger boundary
to be analytic. We now turn to numerically determining & and hence the spectrum
of the linear stability operator by requiring

R(6) = 0. (3.58)

We assume R(6) to be a locally analytic function of &; this is consistent with numer-
ical calculations that showed that the integral of R(6) over some arbitrarily chosen
closed contour in the & plane is zero to within numerical accuracy of the quadrature.
It is convenient to monitor numerically calculated
1 46 R'(6)
T omi o R(6)

on closed contours C in the complex & plane to locate zeros of R. For the first

(3.59)
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branch of steady state for which 3/B1 = 9.843454 86, i.e. k = 2.832 in relation (1.2),
we searched for a zero of R(6) extensively in the complex right half & plane, but were
unable to find any. Since the coefficients of each derivative of F' are real for positive
X, it is clear that eigenvalues, if complex, occur in conjugate pairs. Our search also
included looking for change of sign in R(5) by marching along the real positive 6-
axis upto 6 = 8. We evaluated N for various C, chosen in the entire 0 < Red < 6,
0 < Imé < 6, with the exception of a small box 0 < Red < 0.05, 0 < Im & < 0.05,
that could not be investigated because of integration accuracy. We noticed that a
large contour C for the calculation in (3.59) led to numerical inaccuracies due to
additive cancellation of large integrands. So we divided the whole region up into
smaller rectangles, and each time we found the answer to (3.59) to be zero, within
reasonable accuracy. We also monitored

1 LGR/(6)
27ri}£;da R(®) (3.60)
at the same time and found it to be zero within the accuracy of the integration
procedure. We also used Newton iteration to seek the possibility that there may be
eigenvalues in the small box 0 < Im ¢ < 0.05, 0 < Red < 0.05. Each time there was
convergence to some value for &, we found that this value shifted to even smaller
value as the number of integration points was increased. This led us to conclude that
the eigenvalue of the discretized numerical system actually corresponds to the zero
eigenvalue, corresponding to a pure translation mode. Based on evidence from our
numerical search, we conclude that there are no unstable eigenvalues for this branch
of solution, which corresponds to the smallest finger width A.

For the second branch, corresponding to 3/03; = 16.795856, a Newton iterative
procedure gave us the value

& = 3.750, (3.61)

which was consistent with a value of A = 1 for a contour C' chosen around this point
in the complex & plane. Computation for other branches of steady-state solution
also resulted in unstable eigenvalues. We conclude that, in the asymptotic limit
e < Ca < 1, only one branch of steady-state solution, the one for which £ in
relation (1.2) is the smallest (k = 2.832), is stable where as other branches are
unstable.

Despite obtaining the results on spectrum as given previously, which is the main
objective of our stability analysis, we must check for consistency of our assumption
(3.49), since for small (34, (3.48) also allows an asymptotic solution of the form

- . /
Fy, = exp [-ﬁ-l—/ [x — FO)Y9[1 + 0(1)]]' (3.62)
364 Jo

This contribution can dominate F° in certain sectors of the complex y-plane. Note
that for large x, (3.62) reduces to

07

Fy, ~ exp —g—lx7/6(1 +o(1))], (3.63)

704
which is transcendentally large for large x on the positive x-axis. Thus, the matching
condition (3.49) cannot hold if transcendental corrections of the form (3.62) are not
suppressed appropriately. The rest of this section will be devoted to demonstrating
that this can be done without any additional constraints on o.
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The behaviour of the unsteady function F" (3.48) is clearly related to the be-
haviour of the steady-state function F' satisfying (3.47). We first need to examine F'
in greater detail than reported earlier (Tanveer 1990). The two-term formal asymp-
totic expansion for F” for small 83 < 8, < 1 can be written as

F' ~FY + FY, (3.64)
where FO satisfies (3.52), while F'! satisfies
FU{1+§(x = F") ™ = 3Bi(x = FU) 731 = F)} + 351 - F)FY
= 2B4dd—;2(x — FYy~1/2, (3.65)
The asymptotic boundary condition for F'" for large x with argx = 2, which is
consistent with (3.56), is given by
FY ~ —303,/2x°%. (3.66)

An explicit expression for F!' is possible. If we define

Falx) = exp{ - Z;i / o= FY)5 41— 35— FO) (1 - FO”>1}, (3.67)

1J0
then
, X 65’4 (X/ _ FO’(X/))4/3 d2 , B
F' = F / dy' == T FY(x) V2 3.68
a00 | A S = ) (3.68)

In order for (3.64) to hold it is necessary that transcendental corrections to (3.64)
for small 34 of the form (3.62) are suppressed when they are large. However, to
determine if this is possible, it is necessary to investigate the inner neighbourhood
of the points in the x-plane where the regular perturbation expansion (3.64) breaks
down. It is clear from (3.52) that if x = x, that the singularities of F " in the form
(x — Xp)~%/# are admitted. In order to determine the location of one or more Xp for
Im x;, > 0, we carried out the following numerical procedure.

We numerically integrate (3.52), with asymptotic boundary condition (3.56) used
to find the initial conditions on F" and F" at Le®™/7 for large positive L. (L = 20
appeared to be sufficient for our purposes). In order to avoid numerically awkward
implementation of the requirement that arg(y — FOI) changes continously along the
integration path, it was convenient to introduce g(x) = (x — F®)~'/3 as the depen-
dent variable. The equation for g, easily derived from (3.52), does not contain any
fractional power. The initial condition for g is computed from (3.56) by taking the
principal branch in the transformation from F° to g. Integration proceeded along a
straightline towards x = 0 in the same manner, similar to that described in Tanveer
(1990). Recall that an auxiliary Newton iterative procedure to ensure Im F°'(0) = 0
can be used to determine 3; or equivalently determine the selected finger width A.
With the selected value of 1, and corresponding g(0) (and therefore F°' (0)), we pro-
ceed to numerically integrate g along small closed paths C in the complex x-plane
for Im x > 0. We examine if the function g returns to the same value and ¢, dxg'/g
is zero. When this is the case, we conclude that the function g(x) has no zeros or
singularities within that contour (note that the equation for g does not admit poles).
When this was not the case for a sufficiently small contour, we monitored if g(x)
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returned to the same value and if 1/(27i) §, dx ¢’/g was equal to a multiple of 1 (to
within numerical accuracy) when we traversed the closed contour C four times. When
this was the case, 1/(27i) §, dx xg'/g provides us with the location of x;, which was
found to be consistent with the physical location of the contour C. No singularities
were found for Re x > 0, despite an exhaustive search. Our calculations gave us one
singularity at x, for Imx > 0 for Re x < 0. For the first branch of the solution, we
found x, = —1.933 387 +10.989171 4. Since symmetry condition Im g(x) = 0, and
therefore Im EO'(X) = 0 is found to be satisfied on the postive real y-axis as part of
determining 3, (Tanveer 1990), it follows that there must also be a singularity of F%’
at xp- Xp and x;, were determined to be the singularities closest to the imaginary axis
and therefore most relevant to determining coefficients of transcendental correction
(3.62) on the real positive x-axis.
At x = Xp, the numerically observed behaviour is consistent with

_FY o eiaw/zﬁf/44—3/4(x . Xp)—3/4’ (3.69)

which can be deduced as a possible behaviour of F directly from (3.52). From
(3.67), it follows on integration that, near x = x,,

FY ~any (x = xp) 77/ — e 7SR (181)78 (x — xp) TS, (3.70)
where
~ Xp 654 (X, _ FO/(X/))4/3 d2 , -
= dy' = (X' = FY(x') V2, 3.71
o= [ ay SR I S - P ) (3.7)
where
an = lim (x = xp)"* Fhi(x)- (3.72)
—Xp
Near x = xp, we introduce the inner variables
X — Xp — 8 =e 2T/ T3¢ (3.73)
where s < 1 is a constant that will be conveniently chosen later, and
— F =T RTETG (¢), (3.74)
Then, to the leading order, the steady-state equation (3.47) reduces to
—4/3 —3/2 2 ,—5/2
-G - %G' G'+G"G -3¢" G =0. (3.75)

For large £, a dominant balance procedure applied to (3.75) shows that a possible
behaviour of G is given by
45

G~ [%]3/45_3/4 i 213/4{-—13/8 Fa T g_gég—sp Foee, (3.76)
where a; is arbitrary at this point. This arbitrariness is not unexpected since (3.75)
is an autonomous equation and a shift in £ is reflected in (3.76) by a change in a;.

By choosing

s = —fafy /143 e 24 (3.77)
the first three terms of (3.76) can be matched with the most singular terms of
FO + F' (shown in (3.69) and (3.70)) as x — Xp, provided a; = 0 in (3.76). To
match with the £€75/2 term in (3.76), we need to consider the O(37) term in the outer
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asymptotic expansion (3.64), which is not included in this analysis. However, (3.75)
also allows transcendental correction to the asymptotic behaviour (3.76). Its form
can be deduced by linearizing (3.75) about (3.76) and looking for wkB-type solutions
for large |¢| to the associated homogeneous equation. Transcendental correction to
(3.76) is found to be

o(1/4)1/3(8/21)€7/% [140(1)] (3.78)

This is transcendentally large, in particular for large positive & on the real axis.
Solutions to (3.75) that do not contain terms of the type (3.78) for large positive
real £ can be obtained by using (3.76) (with a; = 0) to determine initial condition
on G’ and G” at a faraway point and integrating (3.75) towards & = 0. Note that
the transcendental term (3.78) matches with the transcendental correction (3.62) as
X — Xp. Thus, if transcendental large correction (3.78) is avoided on the positive
&-axis for large |€], it ensures the absence of a transcendental correction of the form
(3.62) on the anti-Stokes line determined from

Im / (- FY (0) o (1 + (1)) = 0 (3.79)

with arg(x — xp) — —27 as x — xp (i.e. arg¢ = 0). This anti-Stokes line has
been computed in figure 6 and is seen to approach the positive real y-axis for large

X. Adjacent anti-Stokes lines which start at x = x, with arg(x —x,) = &7 and

17071' are found to completely remain in the region Re x < 0 and asymptote t7owards
argxy = i77r as |x| — oo. Thus, in effect, by ruling out transcendentally large terms
of the form (3.78) for large positive ¢, we eliminate transcendentally large correction
for large x of the form (3.62) in the relevant regions of the complex y-plane where
(3.64) is assumed to hold. Given that F° is real on the positive real y-axis, from
symmetry, similar inner-outer matching follows in a neighbourhood of the singular
point x = Xp

Now, we turn to the singularities of the eigenmode function F° satisfying (3.50)
with a view to determining where (3.49) breaks down and how transcendental terms
of the form (3.62) can be avoided. Given the similarity of (3.50) and (3.65), it is not
difficult to deduce that at x = xp, FY is singular such that as x — xp,

EY ~ D(x = xp) ™%, (3.80)

where D is some non-zero constant, the actual value of which is unimportant since
(3.50) is a linear homogeneous equation. By using transformations (3.73) and (3.74),
(3.48) reduces to

e_izﬂﬂ&,@l_gﬁl&isﬁ)ﬁ + (1 _ %G"”SG" + %G///G,—s/z _ %G//ZG'_WZ)F&
(3G 138G TG Fg — G P Frege = 0. (3.81)

With & = O(1) as determined before, it is clear that the first term in (3.81) can be
dropped to give us a second-order differential equation for FE In order to match to
the behaviour of F  as x — Xp, it is necessary that as £ — oo,

F, — Dg™™/4 (3.82)

for some constant D. It is clear that in addition to the behaviour (3.82), equation
(3.81) allows transcendental correction in the form (3.78), as for the steady-state
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Figure 6. Anti-Stokes line associated with (3.79) that approaches positive Re x-axis for
large |x|.
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Figure 7. Interface in the z-plane for the time evolving flow.

function F°'. Thus, if we integrate (3.81) (simplified by dropping the & term), towards
¢ = 0, using the asymptotic boundary condition (3.82) to obtain F and F,, at an
initial point £ = L for large L, a solution Fg to (3.81) can be found such that a
transcendentally large term of the form (3.78) is suppressed for the large positive
¢-axis. As for the steady state, the absence of such a transcendental term means
that transcendental correction of the form (3.62) will be appropriately absent, thus
ensuring the validity of (3.49) without any additional constraint on 4.

4. Initial value problem

For the time evolving Hele-Shaw interface, we find it more convenient to use the
formulation developed (Tanveer 1993) for the Ms boundary conditions. In accordance
with this earlier work on the evolution problem, the velocity V of the displaced fluid
far ahead of the interface is assumed to be constant. All velocities are scaled by
V and all lengths by a, which is at variance with scalings in §§2-3. Further, the
mathematical formulation is a little different than what is presented in §2.

Consider the conformal map 2((,t) that maps the unit semicircle in the (-plane
into the physical flow domain in the z-plane, as shown in figure 7. Notice that unlike
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the steady state finger, the interface does not extend to x = —oo. To make the
mapping function unique, we require that ¢ = 0 correspond to z = 400 and that
¢ = +£1 correspond to points A and B in figure 7. It is clear that we can decompose

2
where f is analytic in the unit circle with
Im f =0, (4.2)

on the real diameter of the unit circle, which follows from the geometric condition that
the side walls of the channel correspond to the real diameter of the unit semicircle.
We will assume f is continuous up to the real diameter, including ¢ = 0. Further,
we assume that the shape of the extended finger obtained by reflection about each
of the two side walls is smooth, implying that on the semicircular arc |(| = 1, 2, and
hence f, is analytic and z; # —0 inside and on the semicircle. From the Schwartz
reflection principle, f is analytic and z; # 0 for |¢| < 1. We decompose the velocity
potential as

2
W(C,t)z—;ln(—l—i—l-w(g,t). (4.3)
It is clear that the condition of no flow through the walls implies that
Imw = 0. (4.4)

As is physically reasonable, w will be assumed to be continuous up to the real diam-
eter, including ¢ = 0. Further, it will be assumed that w is analytic on the semicircle,
which corresponds to a smooth flow at the interface. From the Schwartz reflection
principle, (4.4) implies that w is analytic in || < 1.
The boundary conditions in the laboratory frame can now be written as
€

Rew = —mn, (4.5)
z | _ Re[¢W(]
Re[ 2] = ot o (49

where Ca, is the capillary number based on the fluid velocity at z = +o0o and is
given by

Cay = uV/T. (4.7)
Further, in (4.5) and (4.6),
m = m®(Cay U,) + eCm* (Ca, U,), (4.8)
k = K°(Cay Uy,) + eCk'(Ca, Uy), (4.9)
1

U, = —— Re[("2}z], 4.10
|Zc| [ ¢ t] ( )
c—_1' Re [1+£Z—<5]. (4.11)

|2 %

The analytical continuation of U, and C off the circular arc is given by

1 1 /1 1
Un ) = - = ) t t\ > ) .
1) 222 (1/¢,1)]? {Czc (C t) 7t e << t)] (412
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- 1 1Czcc | 12c(1/¢,t)
Cl )= |14 = - . 4.
0 zg/zzg/m/g,t)[ T T2t/ (419)

The analytical continuation of the kinematic and dynamic conditions outside the
unit circle gives us

2 Re[(W] [=4/7 + Q¢ + (1/Qwe(1/€)]
R + , 4.14
Cz¢ llzcl2[1—m] zcz¢(1/¢,t)[1 —m] 1)
€ 2¢
w=—g CaVI[/-c] BT (4.15)
where the integral operator Z is now defined by
2 i
I(g) = / A/ g™, (4.16)
0 eV — (¢

(a) Dynamics for e =0
First we consider the case of € = 0. In that case, w = 0 and (4.14) simplifies to

% = q12¢ + a5, (4.17)
where
@ =1y,
where
1 d¢’ [¢+ ¢ 1
Ié(l) = T 5 e [ / _C :| 0 / ’ 2 (418)
74 Jig=1 ¢ L = CL 1 =mO(Cay Un(¢',1)][2¢ (¢ )]
and
2 2
(¢ ) = ¢ (4.19)

7w (1= mO(Caln(C, )5 (£, 1)
Further, note from (4.18) that for || < 1, Re I{ defines a harmonic function so that
on [¢| =1,

1 2

Rel{(¢,t) = — =. (4.20)
(1= mO(CaUn(C, )2 (G ) T
Thus, from the maximum principle for a harmonic function in |¢| < 1,
2 1 2 1
max — > > —Rel] > min = 5 > 0. (4.21)
IKI=1 7 (1 — m%(Ca Uy)|z¢| <=1 7 (1 — mO(Ca Uy))|2c]

Further, after a little manipulation of (4.18), we get

of 1,y _ 1 ¢’ [G +<f] 1
I (Cl’t> o2 %C’I=1 ¢ [C’ —Gla- mo(l/C’,t))|z<(1/§’,t)|2’ (4.22)

where m°(1/¢,t) denotes the evalution of m°(CaU,) with 1/{ replacing ¢ in the
expression for U, in (4.12). It is clear that Re I4(1/(;,t) is a harmonic function in
|¢1] < 1, taking on the boundary value

of 1 _ 1
et} (£1) (e, ) e (1

Phil. Trans. R. Soc. Lond. A (1996)
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on |(1| = 1. By putting {; = 1/, from the maximum principle, it follows that for
any [¢] > 1,

1 oo . 1 2 7
max ———————— > Rel; > min ——————— > 0. (4.24)
I<I=1 (1 = mO)|z¢|" ™ I<I=1 (1 — mO)|z.|" 7

The last inequality in (4.24) holds up to the time when a strong singularity |zc|
impinges || = 1, if indeed it does so. The properties above will be crucial in showing
that an initial singularity in |¢| > 1 continually travels towards the boundary of the
physical domain |¢| = 1, though it need not always impinge it.

For further analysis of (4.17), it is helpful to remove z; appearing explicitly in
(4.19) through the argument U, of m®, where U, is given by (4.12). In order to do
so, we exploit the identity

0 22(1/C,t)
¢((t) = —C—7=5 (4.25)
' 2¢ (1/43 t)
that can be found from (4.6) by using Poisson integral formulae for a harmonic
function and its conjugate where |(~*| < 1. Then, on using (4.17), it is seen that

expression (4.12) for U, can be replaced by

22 (¢ (¢ t)

Uy = — . (4.26
2§zé/2 )
Substituting (4.26) back into (4.19), we have an implicit representation of ¢J given
by
1/2/ 1
0 0 02 (CTh) 4¢
gy |1 —m" | — Cayqg —=——— = 4.27
i [ ( Poac” w2 (¢ 1) 420

The analysis of the general properties of the solution to the integro-differential
equation (4.17) is not possible at this stage as it involves knowledge of the function
m? for arbitrary complex arguments. So far, Reinelt’s (1987a) numerical calculation
is limited to real and positive arguments. If m® in (4.18) and (4.27) are ignored, which
is only appropriate as Ca, — 0, we recover the B = 0 problem of the MS boundary
contitionsf. The general properties of this and other equivalent integro-differential
equations for the Ms boundary conditions have been explored before (see the reviews
of Howison (1992) and Hohlov et al. (1994) in addition to Tanveer (1993)). Despite
the difficulty in the analysis of (4.17) in the presence of m°, we note some interesting
properties. As with the theory (Tanveer 1993) with Ms conditions, ¢¥ in (4.17) is
clearly analytic for all [(| > 1, except at infinity, where it is proportional to (.
However, unlike the Ms case, the same is not true for ¢3. The presence of the m°
term in (4.27) can cause ¢5 to be singular in || > 1 at values of ¢ because of the
following possibilities: (i) z¢ is singular and blows up; (ii) 1 — m° approaches zero;
(ili) z; approaches zero; (iv) the argument of m® approaches a possible singularity of
the function m°. The possibilities (ii)-(iv) are interesting, but cannot be confirmed
because of our limited knowledge of m®. We only explore possibility (i). First, we
note that for |{| > 1, z.(¢™!, ) is both analytic and non-zero. Thus, as we approach

t B is proportional to €2/(Cay) and so there is an equilavency between zero surface tension and zero
e for the Ms conditions, unlike the present problem
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a singular point of z. (where z; grows without bounds), it is clear that if ¢J is finite,
then from (4.26), the argument of m® becomes small, regardless of whether Ca is
small or not. Thus, Bretherton’s approximation (2.6), assumed to be valid for small
complex arguments, gives us

4¢
TZ¢ (C_l’ t)
The a priori assumption that ¢J is finite at ¢ = (, is verified a posteriori, since the

second term in the square parentheses in (4.28) is clearly zero at that point. From
(4.26) and (4.28),

¢ ~ — [1+1.3375 Ca2/® 2 13(¢ 71, t)2; /22230203, (4.28)

2 _ - - -
Un~ 220 P 2 [1 +1.3375 Ca?/® 273 (¢ 1,t)] . (4.29)
Consider an initial singularity of z. at (s(0), such that as ¢ — ((0)
A
46.0) ~ 40(0) + 220 - g oo+ (4.30)

with 3 > 8> 3 and 3 # 3. We seek a solution z((,t) to (4.17) such that it admits a
moving singularity (s(¢) that initially coincides with (s(0). Assuming such a solution
exists, near the singularity, we seek a local expansion of the type

2(6,6) ~ Aolt) + T2 (¢ - GO)O + BL1)(C - G0 + (4.31)
for small |¢ — (s(¢)|. It is to be noted that, depending on the value of 3, the term
(¢ = ¢(t))?/® can actually be subdominant to a term of the type A, (¢ — (s(2))2=9),
which is left out of (4.31). Since there is no interaction between these two terms
except for the special case 2 — 3 = %ﬁ, which is excluded in this analysis, we will
ignore the (¢ — ¢;)>~? term. Then, on substitution of (4.31) into (4.17), after using
the asymptotic expansion (4.28), we find consistency, provided

Ag = Dy(t), (4.32)
és = _q(l)(gs(t),t)? (4'33)
Ay = (1= B)qf (G(1), ) Ay, (4.34)
By = D:(t)A;3(t), with By(0) =0, (4.35)
where
o AG()
B EIOm) (4%
Dyt) = _ 44(t)(1.3375) CaZ/? 22/3 (4.37)

/32 (1 (1), )

It appears there is no problem in carrying out term-by-term matching of the progres-
sively less singular terms; however, if the relations are truncated at any stage, there
are not enough equations to find all the unknowns. This is to be expected because
of the global nature of the dynamics in (4.17).

Nonetheless, from relation (4.29), we find that a singularity (s(¢) of the the type
considered here, moves with speed —q?((s(t),t). The presence of 1 — m° term in
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the denominator in (4.18) distinguishes it from the expression of the the singularity
speed (Tanveer 1993) corresponding to the MS boundary conditions. We note that
from (4.18), (4.24) and (4.33),

4

S

Re = —Rel(¢,t) < 0. (4.38)

The left-hand side of (4.38) is simply R/R, where (i(t) = R(t)e"(®). So (4.38) implies
that R < 0 and that a singularity continually moves inwards towards the the physical
domain boundary |¢| = 1. The analytical arguments put forward before (see Tanveer
(1993), §3), suggesting that singularities of this type where 3 > 1 cannot impinge
the physical domain boundary || = 1 in finite time, can be repeated, almost without
any alteration, since, to the leading order, 1/(1 —m") is merely a constant at such a
singularity (s(¢).

Now, let us consider initial singularities of the type (4.30) with 0 < 3 < 3. In
this case, it is to be noted that (4.31) cannot be valid. In that case, the early time
t < 1 behaviour of a solution to (4.17) near the singularity is given by a similarity

solution. For ¢ — ((t) = O(t3/G3=49) ¢ « 1, the solution is given by

z~ Ag(0) + B30/ G40 1B py 4. (4.39)
o C B Cs(t)
n= 5t3/(3-48) (4.40)

where £ is a constant determined by

oty L35 a2 G (0,02 w348 AT 0) = 1,
C S )

(4.41)
and the function F'(n) is a solution to

(1-B)F —nF' =~ '* (4.42)
that satifies the asymptotic condition
n'—?
(1-5)

as [n| — oo. Equation (4.42) admits singularities of the type (7 — 10)*/%. The im-
plication of a similarity solution (4.39) that allows such singularities is that initial
singularities in the form (4.30) with 0 < 8 < ?I immediately transform into one or
more singularities with 3 = 2, which is known not to impinge [¢| = 1 in finite time
as it comes indefinitely close. This feature of the dynamics is different from that of
the B = 0 (or e = 0) problem with MS boundary conditions, where the nature of the
singularity is preserved, regardless of its nature.
We now consider a weaker initial singularity ¢,(0), such that as ¢ — (,(0),

F ~ (4.43)

A,
6.0) = A00) + 0 - 0) + 2D g o)+, wan
with @ > 0. In this case, an expansion of the type
A
260 = At + 406 - 60) + 2D
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Thin-film effects on fingering 1093
is consistent with (4.17) for ¢ > 0, provided
G = = (Gs(1), 1) + a5 (8), (4.46)
where ¢5(t) is determined from

g(t)  Caym®(Ca, UN)z*((71(1),1)

_ 12500 14 0 ~3/2
ACDD - - m(Ca, U] BT AaelG004

(4.47)
where ¢9((s(t),t) is implicitly determined by
0 0/ 1 1/2 0 —1/2 -1 _ 4Cs(t)
g5 (Cs(8), )1 = m® (=3 Cay 2" “((TH (1), 1)an (Gs(8), 1) AT /¢ (1))] = TR
(4.48)

where U?(t) is determined by (4.29) with ¢ = (s(¢). In this case, the singularity does
not move with —q;, as before. However, it is clear from the Bretherton approximation
(2.6) that for small Ca,, ¢5 is going to be small, in which case the singularity speed
(s approaches —q;. Even when Ca, is not very small, so that (2.6) is invalid, the
property Re[Cs(t)/¢s(t)] < 0 will hold provided

Re[Ql (Cs(t), t)/gs(t)]

is larger in absolute value than Re[g5(t)/(s(t)], which is expected for moderately
small Ca,. Note that in this case, because the singularity is weak and 1/(z¢({s(t),1))
remains bounded, the singularity does not slow down as it approaches |¢| = 1, unlike
the case in (4.31). Consequently, {s(¢) impinges the boundary |¢| = 1 of the physical
domain in finite time, leading to a curvature singularity.

This corresponds to an ill-posed dynamics in the physical domain |(| < 1 in any
Sobolev norm that measures the curvature of the interface, as we now argue. Consider
two initial conditions, say

21(¢,0) = —%1ng+0.1g (4.49)

and
22(C,0) = ——1n<+o 1C+6m(Ct+1+6)"°, (4.50)

where 6 and n are each greater than zero, with § < 1. Clearly, for any given Sobolev
norm defined on the interface |(| = 1, the difference between the two initial conditions
can be made arbitrarily small by either choosing n sufficiently large or ¢ sufficiently
small. Yet, as time evolves, prior discussion suggests that the singularity formed in
these initial conditions will be preserved and that the singularities (¢ — ((¢))*3 in
the second case will impinge |¢| = 1. The time at which this singularity impinges
can be controlled and made arbitrarily small by choosing § small. In a Sobolev norm
that accounts for the interfacial curvature, the ¢ = 0 evolution problem is therefore
ill-posed in the sense of Hadamard, since clearly the difference of the two solutions
measured at the interface [(| = 1 can be made O(1) in arbitrarily short time. It is
unclear at this stage if the ill-posedness is also in the sense that interface slopes for
two different initial conditions can deviate by O(1) in arbitrarily short time even
when they start out close. This appears to be resolvable only by examining details
of the function m° not available so far.
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(b) Effect of small non-zero €

Now, let us consider the effect of introduction of a small non-zero e. This can
be done effectively by studying the problem perturbatively in the extended domain
|¢] > 1, where the dynamics of the € = 0 can be expected to be well posed, following
earlier findings for the Ms boundary conditions (Tanveer 1993; Baker et al. 1994).
Here, we restrict ourselves to what happens to an initial singularity of the type (4.30)
with 2 > 8 > 2.

As in Tanveer (1993), it is convenient to introduce inner variables

() — g2/GBe-p) 1
C= ) = B0 (1.51)
2¢ = B~2/BC-D)C()G(x, 1), (4.52)
r= [ aC a0, (4.53)
0
where
(30— (454)
2(¢1,t)
t
() = Coexp ([ avanc(e0).0)), (4.55)
0
where
T €

It is to be noted that the definition of B here is different from Tanveer (1993) by
a factor of 17 to account for the observation of Reinelt (1987b) that the boundary
condition with the thin-film effects only asymptotes to the Ms boundary condition for
€ < Ca < 1 provided the effective lumped parameter B is chosen to be a factor of %ﬂ'
different from that with the ms. Further, note that in order for (4.52) to be consistent
with (4.30), Cy(0) has to be related to A, (0). On substituting the above relation
into (4.51)-(4.55) and back into (4.14) and (4.15), we find that the the leading-order
equation in the asympotic limit B — 0 with x = O(1) is

G, = —28—3G‘1/2 (4.57)

r oy . )

In deriving the above, we assumed |((t)] — 1 > B*32=0) or otherwise the inner
equation is an integro-differential equation. Equation (4.57) is the so-called Harry—
Dym equation that arises frequently in the theory of integrable partial differential
equations. However, our interest in (4.57) is in complex solutions where integrable
theory does not apply. Within the context of Ms boundary conditions, It was rec-
ognized (Kadanoff, personal communication; Howison 1992; Tanveer 1993) that this
equation has a similarity solution of the form

G(X) 7.) — 7'_(2’6)/(3(2_’6))F(T_Q/(3(2_ﬁ))X)~ (458)

Tanveer (1993) pointed out that such solutions can be matched to the outer solution
that behaves like (4.31) near ¢ = (; along certain sectors of the complex plane that
are relevant to physical domain dynamics. Further, this solution only admits —%
singularities.
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From the definition of the variables given in (4.51)—(4.53) and the form of the
similarity solution, it is clear that an initial singularity in the form (¢ — ¢(0))~#
is immediately transformed into an inner structure that scales like the product of
Bt, within which possibly multiple —% singularities reside. The centre of this struc-
ture is at (s(t), which moves towards |[¢| = 1 (i.e. towards the physical interface)
according to the ¢ = 0 dynamics described in the last subsection. Since, as ar-
gued earlier, such singularities do not impinge the physical domain in finite time
and only approach it exponentially (Tanveer 1993), if the initial singularity distance
is O(1) from the interface || = 1, it would take a long time of O(— InB) before
1¢s(1)] — 1 = O(B?*32=P)) when non-zero ¢ effects as in (4.51)—(4.53) can affect the
physical interface |(| = 1. Before such time, the observed interfacial dynamics will
essentially be the same as for ¢ = 0. For the Ms boundary conditions, the e = 0
(equivalent to B = 0 problem) dynamics have been studied by Baker et al. (1994) for
a general class of initial conditions that include branch points as in (4.30); it has been
shown that the proximity of such singularities to |(| = 1 describes many different
patterns of tip-splitting and side branching that depend on the initial distribution
of singularities. Our study here shows that these dynamics are indeed relevant when
realistic three-dimensional effects are included, provided g < B < 2, since for a long
time, the condition 1> |¢(¢)| — 1 > B*3=P) | necessary for interface indentation
to be significant as well as similar to that for ¢ = 0, holds.

To the extent that there is no serious loss of generality in assuming analytic initial
conditions on |(| = 1, the extreme sensitivity in the experimentally observed dy-
namics can be traced back merely to the observation that the initial interface shape
determined up to some finite precision can correspond to many different singularity
distributions of z((,t) in |¢| > 1; yet at later times, when such singularities approach
IC| = 1, the observed interface deformation is different in each case. Further, for
a generic initial condition z({,0) specified in |¢| < 1, it can be expected that the
analytically continued initial condition in |¢| > 1 will have infinitely many singu-
larities (5(0) at arbitrarily large distance from |¢| = 1. Yet, the continual approach
of the resulting inner structures associated with each (s(¢) towards |¢| = 1 will re-
sult in a continually evolving interface that cannot settle to any steady state. This
qualitatively explains the observed dynamics in the experiment.

5. Discussion and conclusion

In this paper, we have included three-dimensional thin-film effects on unsteady
Hele-Shaw fingering of a viscous fluid by a less viscous fluid of negligible viscosity.
Through a formal calculation involving asymptotics beyond all orders, we have shown
that, as with the theory with idealized Ms boundary conditions that ignore thin-film
effects, only one branch of the steady-state solution, the one for which the finger
width is the smallest, is linearly stable in the asymptotic limit ¢ < Ca < 1.

Further, in a limited sense, we have also only considered the nonlinear initial value
problem without any restriction on Ca but with € <« 1. It has been shown that when
lateral curvature effects (i.e. € = 0) are completely neglected, then many types of
initial singularities present in the extended unphysical domain || > 1 continually
move towards the physical interface corresponding to |¢| = 1. While some of these
singularities never impinge the physical domain in finite time, others that correspond
to a weaker curvature singularity do. This leads to an ill-posedness of the initial value
problem when ¢ = 0 for Sobolev norms that account for interfacial curvature. For
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certain forms of singularities, the effect of a small non-zero € is felt only locally in
small neighbourhoods of singularities (in |[¢| > 1) of the € = 0 problem, where initial
singularities are possibly transformed into one or more ——% singularities. Nonetheless,
the centre of such an inner structure, to the leading order, moves like a singularity of
the € = 0 problem until it comes very close to |¢| = 1. Since in some cases the € = 0
singularities do not impinge the physical domain in finite time and only approach it
exponentially, there exists a long time where the interfacial shapes and distortions
correspond to that for the e = 0 problem. This helps explain the apparently random
continual time evolving pattern observed in experiment for sufficiently small €. To
the extent that aggregate features of the experimentally observed dynamics do not
critically depend on our assumption that the initial interface shape be analytic, it
would be interesting to determine statistical features of the interface shapes with a
random collection of initial singularities in || > 1.

This research was primarily supported by the Department of Energy (DE-FG02-92ER14270) and
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